Introduction {#Sec1}
============

Much research has been carried out in the past 20 years on statistical methods for the analysis of recurrent events to better understand chronic disease processes in observational settings and to evaluate the effect of experimental interventions in clinical trials. Disease processes in which recurrent events are manifest are ubiquitous and include, for example, chronic obstructive pulmonary disease where individuals experience recurrent exacerbations (Grossman et al. [@CR9]), epilepsy where seizures recur (Musicco et al. [@CR16]), and cancer where skeletal metastases and associated clinical complications can recur over time (Hortobagyi et al. [@CR11]).

In clinical trials it is essential that tests for treatment effects be valid such that the rejection rate under the null hypothesis is at the nominal level. It is also critically important that models and methods of estimation be formulated so that estimators are consistent for an estimand with a clear causal interpretation. Finally, standard errors must adequately reflect the sampling variation so that confidence intervals have empirical coverage rates that are compatible with the nominal level in finite samples. These criteria form the basis for the following investigation which we carry out in both the clinical trial and observational settings. We confine our attention to marginal rate-based and partially conditional rate-based analyses since these are frequently applied in practice.

Semiparametric models based on marginal rate functions (Andersen and Gill [@CR2]) are among the most widely used for assessing treatment effects on recurrent event processes in clinical trials (Cook and Lawless [@CR5]). Partially conditional models involve time-dependent stratification on the cumulative number of events; this is formulated like a Markov model and is sometimes referred to as the *Prentice--Williams--Peterson* approach, although Prentice et al. ([@CR17]) did not advocate its use in clinical trials. It is also often called the *stratified Andersen--Gill* approach due to its relation with the rate-based method of Andersen and Gill ([@CR2]). We use the term *partially conditional* model to reflect the fact that, in contrast to intensity-based models, here only part of the process history is conditioned upon. This partially conditional approach has been shown to provide some protection against extra-Poisson variation when model-based variance estimates are used (Boher and Cook [@CR4]), and to mitigate biases induced by event-dependent censoring (Cook et al. [@CR6]). We explore the robustness of the marginal and partially conditional model by evaluating the limiting value and variance of estimators of covariate effects when a Poisson model is misspecified through the omission of a covariate; we consider both the observational and clinical trial setting where interest lies in the effect of a treatment. Performance of these methods when the recurrent events are generated by a multistate Markov process is also considered empirically.

The remainder of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we define and give the associated estimating equations for the multiplicative model based on the marginal rate function (Andersen and Gill [@CR2]) as well as the partially conditional model (Prentice et al. [@CR17]). The limiting behaviour of estimators of treatment effect are given in Sect. [3](#Sec5){ref-type="sec"} for the marginal and partially conditional models when the events are generated by a Poisson process but a prognostic covariate is omitted. The results of empirical studies supporting the large sample theory are given in Sect. [4](#Sec8){ref-type="sec"} where the investigation is broadened to study the setting where events are generated by a Markov process but a covariate is omitted in the marginal and partially conditional analyses. An application illustrating the various methods is given in Sect. [5](#Sec11){ref-type="sec"} and concluding remarks are given in Sect. [6](#Sec12){ref-type="sec"}.

Marginal and partially conditional rate-based models {#Sec2}
====================================================

Multiplicative models based on marginal rate functions {#Sec3}
------------------------------------------------------
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                \begin{document}$$\rho _0 (t, \alpha )$$\end{document}$ is an arbitrary positive-valued function, and Andersen and Gill ([@CR2]) derive the large sample theory; the semiparametric model ([2](#Equ2){ref-type=""}) is sometimes called the Andersen--Gill model. Lin et al. ([@CR15]) provide a rigorous derivation of the limiting behaviour of estimators with an emphasis on robust variance estimation.

Individuals are typically followed over a finite period of time to record the occurrence of events of interest. Let the start of the interval be denoted by 0 and *A* denote the planned administrative censoring time. To accommodate early withdrawal we let $\documentclass[12pt]{minimal}
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Multiplicative models based on partially conditional rate functions {#Sec4}
-------------------------------------------------------------------

A common partially conditional model is obtained by specifying$$\documentclass[12pt]{minimal}
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Inference regarding treatment effects with omitted covariates {#Sec5}
=============================================================

Asymptotic properties for estimators of treatment effect {#Sec6}
--------------------------------------------------------

Given the general theory reviewed in Sect. [2](#Sec2){ref-type="sec"} we can now explore the limiting behaviour of treatment effect estimators under misspecified marginal and partially conditional models. Here we consider modulated Poisson processes with a binary treatment covariate *X* and an external potentially time-varying covariate *Z*(*t*). The true rate function is assumed to have the form$$\documentclass[12pt]{minimal}
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A case-study involving an omitted fixed covariate {#Sec7}
-------------------------------------------------

Here we consider a case study of the effect of omitting covariates in the marginal and partially conditional models by considering a particular setting in detail. We assume a Poisson process with a Weibull rate function $\documentclass[12pt]{minimal}
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which is a function of the effect of *Z* on the outcome and the extent of the association between *Z* and *X*. Figure [1](#Fig1){ref-type="fig"} plots the limiting bias of the treatment effect estimator under the marginal and partially conditional models as a function of the association between *Z* and *X* and the effect of *Z* (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta $$\end{document}$ increases. When *X* and *Z* are independent the misspecified marginal model yields consistent estimates of the treatment effect, supporting the use of this method in randomized trials. The partially conditional model, however, yields a biased estimate of treatment effect when an important covariate is omitted even when *X* and *Z* are independent. Thus while the partially conditional model appears to be a more general model than the marginal model, it does not support robust causal inferences about treatment effects in randomized trials when recurrent event follows Poisson processes. It is also apparent from ([13](#Equ13){ref-type=""}) and ([16](#Equ16){ref-type=""}) that the limiting values of the marginal and partially conditional estimators are dependent on the administrative censoring time and the distribution of the random censoring time. We found there to be only a weak dependence on the random censoring rate in both frameworks so we do not report the results of these studies here.

The asymptotic naive and robust standard errors under the misspecified marginal model were also studied using ([20](#Equ20){ref-type=""}) and ([22](#Equ22){ref-type=""}) in Appendix 1, and under the misspecified partially conditional model using ([23](#Equ23){ref-type=""}) and ([24](#Equ24){ref-type=""}) in Appendix 2. Figure [2](#Fig2){ref-type="fig"} plots the trend of asymptotic naive and robust standard errors of the treatment effect as a function of $\documentclass[12pt]{minimal}
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Empirical studies of finite sample behaviour {#Sec8}
============================================

Here we consider an empirical study to investigate the finite sample properties of estimators of the treatment effect under the misspecified marginal and partially conditional rate-based models. In Sect. [4.1](#Sec9){ref-type="sec"} we consider the events as generated by a Poisson process and in Sect. [4.2](#Sec10){ref-type="sec"} we consider the case where the events are generated according to a Markov model. In both settings we examine the finite sample properties of estimators from marginal and partially conditional rate-based models in which an important covariate is omitted.

Misspecified rate-based models for Poisson processes {#Sec9}
----------------------------------------------------

For the setting where events are generated by a Poisson process we use the same illustrative setting as in Sect. [3.2](#Sec7){ref-type="sec"}. We let $\documentclass[12pt]{minimal}
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We find that when *X* and *Z* are independent there is negligible empirical bias of the estimated treatment effect under the marginal model, supporting theory that marginal model is robust and so yields a consistent estimators of the treatment effect in clinical trials. Furthermore, the average robust standard error is in close agreement with the empirical standard error of the estimates in general, while the average naive standard error underestimates the variability, especially when the effect of covariate *Z* is larger supporting the the need for robust standard errors. This can also be seen by comparing the empirical coverage probabilities of nominal 95% confidence interval for $\documentclass[12pt]{minimal}
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When *X* and *Z* are not independent, there is significant bias of the estimates for treatment effect under both models, and the bias increases when the association between *X* and *Z* is stronger or the effect of the omitted *Z* on the event process becomes larger. These findings agree with our theoretical results in Sect. [3.2](#Sec7){ref-type="sec"}. Note that under the misspecified marginal model, the robust standard errors accurately reflect the empirical variation indicating that they provide protection from the misspecification to some extent. Due to the significantly large bias of the estimates of treatment effect under the misspecified model, the empirical coverage probabilities of the 95% confidence intervals are unacceptably low when *X* and *Z* are correlated. We also note that under the misspecified partially conditional model, there is reasonable agreement between the average model-based standard errors and the average robust standard errors; this is in alignment with the theoretical results of Sect. [3.2](#Sec7){ref-type="sec"}. The results of additional simulation studies involving normally distributed *Z* lead to similar conclusions; see Online Resource 2 for results.

Misspecified rate-based models for Markov processes {#Sec10}
---------------------------------------------------

We now consider the setting in which the events are generated by a progressive multistate process with states labeled $\documentclass[12pt]{minimal}
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Time-homogeneous transition intensities are obtained by letting $\documentclass[12pt]{minimal}
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The partially conditional model is the correct model when $\documentclass[12pt]{minimal}
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                \begin{document}$$t=0$$\end{document}$) can yield estimators of treatment effect which are susceptible to misspecification. Whether valid estimates of the treatment effect can be obtained in the clinical trial setting under these two models therefore depends on how large the effect of omitted prognostic variables are as well as their distribution. This can be re-expressed by stating that inferences based on partially conditional rate-based analysis are sensitive to departures from the Markov assumption on which it is formally justified. Model assessment has a particularly useful role here and simulations and sensitivity analyses may be worthwhile to investigate the impact of model violations on the performance of estimators and tests based on marginal or partially conditional models.

Application to a trial in cystic fibrosis {#Sec11}
=========================================

Cystic fibrosis is a respiratory disease with airway obstruction caused by the accumulation of mucus in the lungs due to extracellular DNA; this results in recurrent pulmonary exacerbations. When delivered to the lungs in an aerosolized form, a highly purified recombinant form of DNase I called rhDNase cuts extracellular DNA, reducing the viscoelasticity of airway secretions and improving clearance. In a randomized double-blind trial 321 individuals were assigned to receive rhDNase and 324 we assigned to a placebo treatment (Fuchs et al. [@CR8]). The primary purpose of this study was to investigate the effect of rhDNase on the suppression of exacerbations so to this end the onset times of exacerbations were recorded over the study period of approximately 169 days. In the control arm 139 individuals had at least one exacerbation, 42 had at least two exacerbations, and 18 had at least three exacerbations; in the rhDNase arm these numbers were 104, 39 and 9 respectively. The baseline forced expiratory volume (FEV) is a measure of lung function known to be highly associated with the onset of exacerbations; it was centered in the analyses that follow by subtracting the mean value and we denote it by FEVC. The data are available at the website for Cook and Lawless ([@CR5]).Table 3Estimates of treatment effect for cystic fibrosis trial using marginal and partially conditional models with four strata based on no events, 1 event, 2 events and $\documentclass[12pt]{minimal}
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We fit the marginal and partially conditional models with the treatment indicator alone, and when controlling for the baseline FEVC. Since only a few individuals experienced more than 3 events, four time-dependent strata were defined based on no events ($\documentclass[12pt]{minimal}
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                \begin{document}$$N_i(t^-) \ge 3$$\end{document}$). The results summarized in Table [3](#Tab3){ref-type="table"} reveal that the estimates and conclusions are comparable across the four analyses, but we make comments here related to the findings of the theory and empirical studies of Sections 3 and 4. First there is very close agreement between the estimates of treatment effect from the marginal analysis whether FEVC is controlled for or not---this is to be expected based on the results in Sect. [3.2](#Sec7){ref-type="sec"}. There is a slightly smaller standard error for the coefficient in the adjusted analysis as FEVC explains some of the variation in the event risk across individuals. The estimate of the treatment effect is smaller from the partially conditional (stratified) analyses decreasing from $\documentclass[12pt]{minimal}
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For completeness we plot the semiparametric estimates of the cumulative baseline rates under the marginal (top row) and partially conditional baseline rates (bottom row) in Figure [4](#Fig4){ref-type="fig"}. While the plots are provided for each treatment group they are obtained from one fitted model for each analysis. The effect of treatment is evident graphically from the lower slope of the estimate in the rhDNase arm (top row). Moreover the estimates of the cumulative stratified baseline transition rates show the increased risk of event occurrence with each event; this is inferred by the progressively steeper estimates reflecting higher risks at any time.Fig. 4Estimated cumulative marginal rate functions (top row) and cumulative stratified rate functions (bottom row) for the cystic fibrosis trial

Motivated by the suggestions we provide in Sect. [4.2](#Sec10){ref-type="sec"}, we carry out a small simulation study to mimic the cystic fibrosis data and investigate the behaviour of the estimates under the marginal and partially conditional models. Based on Figure [4](#Fig4){ref-type="fig"}, we assume the recurrent event follows a Markov process as we specified in Sect. [4.2](#Sec10){ref-type="sec"} with $\documentclass[12pt]{minimal}
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Discussion {#Sec12}
==========

Marginal and partially conditional semiparametric models have received considerable attention in recent years as methods for assessing the effect of therapeutic interventions on the basis of recurrent events. The marginal rate-based model is viewed as offering a robust approach to assessing treatment effects but it is susceptible to the effects of model misspecification; while we have demonstrated this when the true event generating process is Markov, this arises whenever the basic multiplicative assumption of covariate effects is not satisfied. While the partially conditional model represents a generalization of the marginal model through the introduction of time-dependent strata, the strata are defined based on the cumulative number of events which is responsive to treatment and other risk factors which also having effect on the outcome. Conditioning on time-dependent variables which are realized post-randomization and potentially responsive to treatment has been known to be problematic for some time (Kalbfleisch and Prentice [@CR12]). Hernán ([@CR10]) points out that analyses based on Cox regression models incorporate such conditioning implicitly through the comparison of covariate distributions among those individuals who are uncensored and event-free at each failure time post-randomization; see also Aalen et al. ([@CR1]). Here we investigate in detail the implications of conditioning on the cumulative number of events in a partially conditional model for recurrent event analyses. The findings mean that the full marginal model should be used in randomized trials since, as demonstrated here, it can yield an estimate of treatment effect with a simple causal interpretation. Careful examination of the multiplicative assumption is warranted however to ensure the assumption is reasonable.
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Appendix 1: Asymptotic naive and robust variance of treatment effect estimate under a misspecified marginal model {#Sec13}
=================================================================================================================

Under a misspecified marginal model where a covariate *Z* is omitted from the rate function, the asymptotic properties of the estimator for the treatment effect are given in Sect. [3](#Sec5){ref-type="sec"}. Here we derive the explicit forms of $\documentclass[12pt]{minimal}
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Through ([20](#Equ20){ref-type=""}) and ([22](#Equ22){ref-type=""}) we can now obtain the asymptotic naive and robust variance of estimate for treatment effect under the misspecified marginal model when the recurrent event follows Poisson processes. If *Z* has no effect on the outcome (i.e. $\documentclass[12pt]{minimal}
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Appendix 2: Asymptotic naive and robust variance of treatment effect estimate under misspecified partially conditional model {#Sec14}
============================================================================================================================

Under the misspecified partially conditional model where covariate *Z* is omitted, the estimating function for $\documentclass[12pt]{minimal}
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